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This paper focuses on modeling of the interface between a rigid substrate and a thin elastic
adherend subjected to mixed-mode loading in the peel test conﬁguration. The context in
which the investigation is situated is the study of bond between ﬁber-reinforced polymer
(FRP) sheets and quasi-brittle substrates, where FRP sheets are used as a strengthening sys-
tem for existing structures. The problem is approached both analytically and numerically.
The analytical model is based on the linear-elastic fracture mechanics energy approach. In
the numerical model, the interface is discretized with zero-thickness contact elements
which account for both debonding and contact within a uniﬁed framework, using the
node-to-segment contact strategy. Uncoupled cohesive interface constitutive laws are
adopted in the normal and tangential directions. The formulation is implemented and
tested using the ﬁnite element code FEAP. The models are able to predict the response
of the bonded joint as a function of the main parameters, which are identiﬁed through
dimensional analysis. The main objective is to compute the debonding load and the effec-
tive bond length of the adherend, i.e., the value of bond length beyond which a further
increase has no effect on the debonding load, as functions of the peel angle. The detailed
distributions of interfacial shear and normal stresses are also found. Numerical results
and analytical predictions are shown to be in excellent agreement.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
1.1. State-of-the-art review
The mechanics of interfacial bond between a thin plate and a ﬂat quasi-brittle substrate under mode-II loading has been
extensively studied both with experiments and theories based on analytical and numerical methods (Holzenkämpfer, 1994;
Taljsten, 1996; Chen and Teng, 2001; De Lorenzis et al., 2001; Yuan et al., 2004; Ferracuti et al., 2006, among others). These
investigations have clariﬁed the whole range of response of a bonded joint subjected to predominant shear stresses, starting
from the linear-elastic stage up to the ﬁnal debonding. For thin plates bonded to quasi-brittle substrates, if high-strength
adhesives are used, debonding failure typically occurs by cohesive mode-II fracture of the substrate, where mode-II is in-
tended in a macroscopic sense. A typical example is given by ﬁber-reinforced polymer (FRP) strips bonded to concrete or
masonry.
Mixed-mode conditions take place at a variety of bonded interfaces existing in practice, such as in various types of lap
joints (Kafkalidis and Thouless, 2002), and at the interface between FRP and substrate in the proximity of inclined cracks
or at the edge of the FRP plate (Yao et al., 2005; Pan and Leung, 2007; Bruno et al., 2007). Mode mixity also affects interfacial. All rights reserved.
ax: +39 0832 297279.
Lorenzis), giorgio.zavarise@unile.it (G. Zavarise).
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sofﬁt or arches strengthened with thin bonded plates (De Lorenzis et al., 2006).
The so-called peel test has been widely used to characterize the bond behavior of adhesives (Bikerman, 1957; Williams,
1997). In this test a thin plate bonded to a substrate is pulled from it at a certain angle (the ‘‘peel angle”) and the ‘‘peeling
force” needed to produce debonding is measured (Fig. 1). In this conﬁguration the interface is subjected to shear and normal
stresses, hence debonding occurs by mixed-mode fracture. However, mixed-mode effects are often neglected in the existing
literature (Thouless and Jensen, 1992) and a global energy balance involving a single value of fracture energy is used in most
cases. More details about this are reported later. If debonding is controlled by cohesive failure within the adhesive, the test
can be used to evaluate the fracture energy of adhesives. In the most general case, failure involves the weakest link between
the adhesive, the substrate and the bond line, or even a combination of them (Bastianini, 2003; Karbhari et al., 1997). Hence
the resulting fracture energy is that of the interface intended in a general sense.
Several elastic analyses of the peel test have been presented in the early literature on the subject (Spies, 1953; Bikerman,
1957, among many others). Most of them represent the ﬂexible part of the thin plate as an elastic beam and the bonded part
as an elastic beam on an elastic foundation. An analytical solution to the problem of a superﬁcial reinforcement under in-
clined loading has been recently proposed by Yuan et al. (2007). This solution is similar, but not identical, to the case of
the peel test. Other authors have investigated the interfacial stress distributions in the peel test with ﬁnite element analyses
(e.g., Kim and Aravas, 1988). These studies show that interfacial shear and normal stresses are highly localized in the vicinity
of the loaded end. Also, as the peel angle is different from zero, the magnitude of the interfacial normal stresses can be very
signiﬁcant compared with that of the interfacial shear stress at the loaded end. Other studies have focused on the effects of
plasticity in the adherend (Crocombe and Adams, 1982; Kim and Aravas, 1988; Aravas et al., 1989; Wei and Hutchinson,
1998).
After an initial focus on stress-based debonding criteria, experiments have shown that the energy release rate during
propagation controls interfacial fracture. Hence the use of a total energy balance to determine the interfacial fracture
strength is more appropriate than any debonding criterion based on the attainment of a critical normal or shear stress at
the interface. The energy approach has then become fully established (Bikerman, 1957; Williams, 1997). Gent and Hamed
(1975) discuss the relationship between the stress- and energy-based approaches. They demonstrate the need to use
large-deformation analysis for the unbonded portion of the adherend, in order to obtain consistent results between the
two approaches.
Many authors have studied the mechanics of the peel test using linear-elastic and non-linear fracture mechanics (Gent
and Hamed, 1975; Kim and Aravas, 1988; Aravas et al., 1989; Williams, 1997). A common aspect in the vast majority of
experimental and theoretical studies is that the fracture energy is assumed to be characteristic of the joint and independent
of the peel angle (Gent and Hamed, 1975). This is often implicitly justiﬁed by the use of large peel angles, which is tacitly
assumed to yield conditions of pure mode-I fracture. Feeling the need for a more thorough analysis of mixed-mode effects
in the peel test, Thouless and Jensen (1992) applied to the peel test geometry the theory developed by Suo and Hutchinson
(1990) on the analysis of interfacial cracking between two elastic layers. They show that, in the case of adherend and sub-
strate having comparable elastic moduli (in particular, in the absence of modulus mismatch across the interface), the phaseF0 
L
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Fig. 1. Scheme of the peel test. (a) The peel test geometry. (b) Scheme for computation of GI and GII.
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contradicts the common belief that large peel angles are associated to pure mode-I behavior. They conclude that an inter-
facial toughness deduced from the peel test would be expected to be fairly independent of the peel angle.
Some recent studies on the peel test adopt the cohesive zone modeling approach, which bridges the gap between the
stress- and energy-based approaches. Wei and Hutchinson (1998) mainly focus on the role of the interface strength and
of the plastic energy dissipated in elasto-plastic adherends. They use coupled cohesive laws obtained from a potential, yield-
ing the same fracture energy regardless of the mode mixity. Thouless and Yang (2008) introduce uncoupled cohesive laws
linked by a simple mixed-mode fracture criterion. However, their parametric analysis of the peel test focuses on the case of
mode-independent fracture, where mixed-mode effects do not play a role.
Few studies have addressed the bond of linearly elastic adherends to quasi-brittle substrates under inclined loading, with
speciﬁc reference to the case of FRP thin plates bonded to concrete substrates. Karbhari et al. (1997) developed a modiﬁed
version of the classical peel test to investigate the bond behavior between FRP strips and concrete, and discussed different
mechanisms of interfacial fracture. Dai et al. (2004) studied mixed-mode fracture at the FRP–concrete interface by using a
specially designed beam test setup. They observed that the effective bond length, i.e., the value of bond length beyond which
a further increase of bond length produces no increase in the debonding load, is shorter for interfaces under inclined loading
than under mode-II loading. They also found that the peeling force that the interface can resist is rather low. Finally, they
determined a mixed-mode energy envelope governing interfacial fracture. Wan et al. (2004) devised a novel experimental
method, using modiﬁed double cantilever beam specimens, to evaluate bond characteristics and toughness of FRP overlays
on a concrete substrate under mixed-mode loading. Results indicated that, during crack growth, the mode-I component of
the crack opening displacement is dominant for all angles of specimen loading. Yao et al. (2005) conducted experiments on
FRP–concrete bonded joints, including a few tests where the FRP was subjected to inclined loading with a small inclination
angle (1.7). They observed a relatively limited detrimental effect of this angle on the bond strength. Pan and Leung (2007)
developed a test setup to investigate FRP–concrete bond under mixed-mode conditions, and found a signiﬁcant effect of the
mode-I component on the debonding load. They also presented a simple analytical model.
1.2. Outline and objectives
This paper analyzes the interface between a rigid substrate and a thin elastic adherend, subjected to inclined loading in
the peel test conﬁguration. The main application to which this study is directed is the case of a thin FRP reinforcement
bonded to a quasi-brittle substrate (e.g., concrete or masonry). The main objective of the model is to compute the debonding
load of the adherend and its effective bond length as functions of the peel angle, in order to evaluate the effect of mode mix-
ity on the macroscopic interfacial strength. In particular, it is of interest to evaluate the possible reduction of the normalized
peeling force as a result of the transition from zero to small inclination angles, i.e., from pure mode-II to mixed-mode loading
conditions. The practical relevance of this phenomenon, considered in reference to the problem of FRP reinforcement bonded
to concrete, is that even small degrees of mode mixity may result detrimental on the macroscopic bond strength.
In this context, the above state-of-the-art review has evidenced a series of aspects in need of further investigations. Given
that the primary focus of this paper is on bond, it is important to evaluate the distributions of the interfacial shear and nor-
mal stresses, how these distributions change during subsequent stages of loading, and how they are affected by the peel an-
gle, i.e., by the degree of mode mixity. This aspect has been given limited attention in the published papers on the peel test.
In fact, the original purpose of this test method was to quantify the fracture energy of adhesives, therefore the details of the
debonding process between the ﬁlm and the substrate were not considered important. For the same reason, the concept of
effective bond length was never introduced in the literature on the peel test. Once again, the reason is that the test had no
ultimate goal of assisting design of the joint between a ﬁlm and a substrate, but only of evaluating the properties of an adhe-
sive. Conversely, most of the available literature on bond of FRP sheets to concrete (or to other materials) evaluates the dis-
tribution of interfacial stresses along the bonded joint, and its evolution during the progression of loading. In these papers,
the effective bond length is one of the main quantities of interest. In fact, one of the ultimate goals is to evaluate the min-
imum length needed for the bonded joint to develop the maximum debonding load. However, most of these papers deal only
with pure mode-II loading, and therefore do not account for any mixed-mode effects. The few papers addressing mixed-
mode loading are mostly of experimental nature, and use different test setups.
In light of the above considerations, this paper attempts to realize a rational merge of the methodologies and approaches
of two research streams, namely those which focus on the peel test and on bond of FRP reinforcement to concrete. Addition-
ally, the numerical model takes advantage of previous research in the ﬁelds of computational contact and fracture
mechanics.
It is well known that FRP materials show a linearly elastic behavior up to failure. Due to the quasi-brittleness of the sub-
strate, debonding typically occurs as cohesive failure within the substrate at a few millimeters from the interface. This phe-
nomenon is accounted for by the use of the cohesive zone modeling approach. In particular, the shape of the mode-II
cohesive law adopted in this study has been shown to interpret correctly the main aspects associated to FRP–concrete
mode-II debonding (Yuan et al., 2004), while no equivalent information is yet available on mode-I or mixed-mode debond-
ing. While the proposed models are of general validity, the study focuses on the behavior at small peel angles, in the range
expected to arise at the FRP–substrate interface in the proximity of inclined cracks, or due to unevenness or curvature of the
substrate. The problem is approached both analytically, by means of linear-elastic fracture mechanics (LEFM), and numer-
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the other relevant variables, assuming that LEFM conditions hold. As mentioned earlier, despite the wide number of studies
devoted to the peel test, the mixed-mode effects arising in this loading conﬁguration have been the object of limited atten-
tion in analytical studies. Modeling has often assumed single-mode (i.e., mode-I) dominance, thus using a global energy bal-
ance involving mode-I fracture energy. However, if the peel angle is small, mode mixity cannot be neglected.
The study by Thouless and Jensen (1992) carries out a rigorous fracture mechanics analysis including mixed-mode effects,
but focuses on the case of a deformable substrate. In this case, the analysis has to be conducted using Dundurs’ parameters a
and b. The stress intensity factor is related to a and b through an additional parameter x, with x(a,b) taken from Suo and
Hutchinson (1990). The results of this type of analysis are markedly different from those obtained for a rigid substrate, more-
over they cannot be reported to the latter as a limit case. For a peel angle equal to zero, this analysis does not reduce to a pure
mode-II condition, as the substrate deformations at the tip of the interfacial crack induce a mode-I component. This paper,
conversely, presents the analytical model for a rigid substrate. Due to this assumption, Dundurs’ parameters will not need to
be introduced, and a simple manipulation of the basic equations governing the problem will be used to derive the expression
of the normalized peeling force. The assumption of a rigid substrate is more appropriate for the analysis of FRP bonded to
concrete, where it is widely accepted that the substrate deformations are very low compared with the deformations taking
place at the interface. For a rigid substrate, it will be shown that the special case of a peel angle equal to zero reduces to a
pure mode-II loading condition.
Numerical cohesive-zone modeling can draw a considerable amount of additional information with respect to analytical
modeling. This approach goes beyond the limits of LEFM and allows the desired shape and coupling of the cohesive laws in
the normal and tangential directions to be considered. As mentioned earlier, a detailed examination of the distributions of
interfacial shear and normal stresses along the bonded joint is needed to more deeply understand the behavior of the inter-
face. Moreover, a numerical estimate of the effective bond length of the joint under mixed-mode loading is of signiﬁcance for
practical purposes and has not been carried out in previous studies. Here, the interface is modeled by zero-thickness contact
elements, using the node-to-segment strategy and describing decohesion and contact within a uniﬁed framework. The for-
mulation is implemented and tested using the ﬁnite element code FEAP (courtesy of Prof. R.L. Taylor). Numerical tests are
performed with a simple peel test model. The response of the bonded joint is predicted as a function of the main parameters,
which are identiﬁed through dimensional analysis. Beside its signiﬁcance to understand the effect of mixed-mode conditions
on debonding, the study of the peel test can be considered a preliminary step to the study of a curved interface, regarding the
latter as an interface subjected to a variable peel angle.
2. LEFM analysis of the peel test
2.1. Energy release rate and phase angle
In mixed-mode fracture mechanics analysis, the degree of mode mixity is typically expressed by means of the phase angle
w (Suo and Hutchinson, 1990)w ¼ tan1
ﬃﬃﬃﬃﬃﬃ
GII
GI
s
ð1Þwhere GI and GII are, respectively, the mode-I and mode-II components of the energy release rate, with the total energy re-
lease rate given byG ¼ GI þ GII ð2Þ
Fracture is assumed to occur when the energy release rate equals the mode-dependent work of separation (or fracture
energy), Gf. This corresponds to the fracture energy of the adhesive, of the substrate, or of the interface, depending on where
the debonding path is located. The function Gf(w) depends on the assumed mixed-mode fracture criterion. The simplest pos-
sible criterion isGI
GIf
þ GII
GIIf
¼ 1 ð3Þwhere GIf and GIIf denote, respectively, the fracture energies in pure mode-I and mode-II conditions. Combining Eqs. (1)–(3),
the following expression for Gf(w) results (Thouless and Yang, 2008)Gf ðwÞ ¼ GIf rð1þ tan
2 wÞ
r þ tan2 w ð4Þwherer ¼ GIIf
GIf
ð5Þ
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We consider a thin plate of thickness t and unit width, made of a linearly elastic material with elastic modulus E. The plate
is bonded to a ﬂat rigid substrate and loaded with a force F acting at an angle h from the horizontal (Fig. 1a). For this case,
with reference to the scheme of Fig. 1b, GI and GII can be expressed as follows (Thouless and Jensen, 1992)GII ¼ F
2
0
2Et
GI ¼ 6M
2
0
Et3
ð6Þwhere F0 and M0 are given by Thouless and Jensen (1992) asF0 ¼ F cos h M0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Et3
6
F2 sin2 h
2Et
þ Fð1 cos hÞ
" #vuut ð7ÞHence the phase angle is given byw ¼ tan1 tF0ﬃﬃﬃﬃﬃﬃ
12
p
M0
¼ tan1 cos hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2 hþ 2ð1 cos hÞ EtF
q ð8Þ
As Eq. (8) indicates, the phase angle depends on the applied load. The determination of the phase angle in conditions of stea-
dy-state peeling, i.e., during propagation of the interfacial fracture, is of particular interest. This angle can be computed once
the steady-state peeling load, Fpeel, is known.
2.3. Steady-state peeling load and corresponding phase angle
A simple way of determining the steady-state peeling load is to substitute Eq. (7) into Eq. (6), and then to combine these
with the mixed-mode failure criterion in Eq. (3). After some algebra, the following expression is obtainedFpeel
GIf
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Et
GIf
 2
ð1 cos hÞ2 þ 2 EtGIf sin
2 hþ cos2 hr
 r
 EtGIf ð1 cos hÞ
sin2 hþ cos2 hr
  ð9ÞThis equation shows that the dimensionless steady-state peeling load, Fpeel/GIf, depends on the three dimensionless param-
eters Et/GIf, r and h.
An alternative procedure can be used to obtain Eq. (9). In this case the energy release rate, G, during steady-state peeling
is considered. Following Williams (1997), it can be expressed asG ¼ F 1 cos hþ F
2Et
 
ð10ÞThe dimensionless steady-state peeling load can be found by equating G given by the above equation to Gf(wpeel). The fol-
lowing expression is obtained in this caseFpeel ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E2t2ð1 cos hÞ2 þ 2EtGfðwpeelÞ
q
 Etð1 cos hÞ ð11Þor, in dimensionless form, simply dividing by GIfFpeel
GIf
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Et
GIf
 2
ð1 cos hÞ2 þ 2 Et
GIf
Gf ðwpeelÞ
GIf
s
 Et
GIf
ð1 cos hÞ ð12Þwhere Gf(wpeel)/GIf can be obtained from Eq. (4) with w = wpeel, and wpeel is given by Eq. (8) for F = Fpeel, i.e.,wpeel ¼ tan1
cos hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2 hþ 2ð1 cos hÞ GIfFpeel
Et
GIf
q ð13Þ
Solving for Fpeel/GIf yields once again Eq. (9). Once Fpeel/GIf is known, Eq. (13) can be used to compute wpeel, which is a
function of the same three dimensionless parameters Et/GIf, r and h.
Note that, for h = 0, Eq. (13) yields wpeel = 90, i.e., steady-state peeling occurs in pure mode-II conditions. In this case,
obviously, Gf = GIIf, and Eq. (11) reduces to the well-known expression for the mode-II debonding load of a thin plate bonded
to a rigid substrate (Taljsten, 1996)Fpeel;II ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2EtGIIf
p
ð14Þ
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3.1. Approaches for cohesive zone modeling in mixed-mode conditions
Due to its simplicity, cohesive zone modeling is largely used for a variety of applications, including fracture of ductile and
brittle solids, delamination in composites at the micro- or macro-scale, and behavior of adhesive layers. Different approaches
have been used in the literature for cohesive zone modeling of interfaces under mixed-mode conditions:
1. Uncoupled cohesive zone modeling. In this approach, cohesive laws in the normal and tangential directions are indepen-
dent from each other. This approach was used by Kafkalidis and Thouless (2002) and Li et al. (2006), among others.
The energy release rates in mode-I and mode-II are identiﬁed as the areas under the respective cohesive laws. The
total energy release rate is the sum of GI and GII (Eq. 2). A further distinction can be made between approaches in
which:
a. A mixed-mode fracture criterion is introduced, see e.g., Kafkalidis and Thouless (2002) and Li et al. (2006). Once the
failure condition is reached, the element is considered no longer capable to bear any load. This assumption yields
sudden drops in the tractions before the critical separation is reached. Nevertheless, this approach was shown to
provide good capabilities to capture essential properties of adhesive joints.
b. No mixed-mode fracture criterion is introduced. In this case, failure is assumed when either GI or GII reach their
respective maximum values.
2. Coupled cohesive zone modeling. In this approach, cohesive laws in the normal and tangential directions are linked to
each other, typically by means of a coupling parameter. Also in this case a further distinction can be made between
approaches in which:
a. The cohesive laws are derived from a potential. A frequently used coupled cohesive law of this type is that developed
by Tvergaard (1990), which uses a dimensionless coupling parameter between the normal and tangential laws. With
this approach, the fracture energy is the same in all mode mixities. This is often regarded as a drawback, as the
experimental evidence indicates the fracture energy to be often signiﬁcantly larger in mode-II than in mode-I (Hög-
berg, 2006).
b. The cohesive laws are not derived from a potential. Laws of this type have been proposed by Xu and Needleman
(1993) and Högberg (2006), among others. These laws allow for different fracture energies in different mode mix-
ities. Also, the lack of a potential introduces a path-dependency, which has a physical ground considering that cohe-
sive zone models can describe an irreversible damage process at an interface (Van den Bosch et al., 2006).3.2. Interface constitutive laws and ﬁnite element formulation
In this paper, uncoupled cohesive laws are considered both in the normal and tangential directions. Tension relates the
normal relative displacement, gN > 0, and the normal stress, pN, while shear relates the tangential relative displacement, gT,
and the tangential stress, pT. This choice is made to enable the use of different values for the mode-I and mode-II interfacial
fracture energies, in agreement with the experimental evidence. In the normal direction under compression the non-pene-
tration condition is enforced using the penalty method.
The cohesive laws implemented herein are bilinear (Fig. 2). This simple shape is able to capture the three characteristic
parameters of the interface, i.e., the fracture energies (areas underneath the curves), the cohesive strengths, pNmax and pTmax,
and the linear-elastic properties (slopes of the curves in the ascending branch). For this reason the bilinear model is oftengNmax gNu
pNmax
gN
pN
gn>0: cohesive law
gn<0: penalty method
gTmax gTu
pTmax
gT
pT
-pTmax
-gTmax-gTu
Fig. 2. Relationships between interfacial tractions and relative displacements. (a) Normal direction. (b) Tangential direction.
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disregarded in case of debonded surfaces under compressive loads. Following the approach in Kafkalidis and Thouless
(2002), the energy release rates in mode-I and mode-II are identiﬁed as the areas under the respective cohesive laws inte-
grated up to the current values of gN and gT, and the simplest possible mixed-mode failure criterion is assumed as in Eq. (3).
Once the failure criterion is met for an element in the cohesive zone, the element is assumed to be no longer capable to
bear any load. The mode-mixity can be estimated directly from the numerical predictions by examining the value of GII/GI for
a crack-tip cohesive zone element just before it fails.
The above contact and cohesive models have been implemented into a contact element based on the node-to-segment
strategy as employed in Wriggers et al. (1998), and generalized to handle cohesive forces in both the normal and tangential
directions. Depending on the contact status, an automatic switching procedure is used to choose between cohesive and con-
tact models. Each element contribution for the cohesive and contact forces is suitably added to the global virtual work equa-
tion asdW ¼ FNdgN þ FTdgT ð15Þwhere dW is the virtual variation of the contact contribution to the potential functional, and FN and FT denote, respectively,
the normal and tangential contact force.
The geometry of the problem is depicted in Fig. 1a. The adherend is modeled with two-dimensional, ﬁnite deformation,
linearly elastic beam elements, whereas the substrate is discretized with 4-node isoparametric plane stress elastic elements.
The substrate elements are characterized by a very large elastic modulus, in order to minimize the effects of the substrate
compliance on results. The test is conducted in displacement-control mode. In order to obtain meaningful results, it is impor-
tant to ensure that the peel angle remains constant during the whole loading process, i.e., also during the steady-state peel-
ing phase whereby the adherend gradually debonds from the substrate. For this purpose, the end of the adherend that has to
be loaded is connected to a truss element of very large axial stiffness and length, and the desired displacement is applied to
the other end of the truss element rather than directly to the end of the adherend. The very large length of the truss element
guarantees that the peel angle undergoes negligible variations during the propagation of interfacial debonding. Hence, the
detached part of the adherend remains parallel to itself during the entire steady-state peeling phase.
The non-linear problem is solved with a Newton-Raphson procedure. The global tangent stiffness matrix is properly ob-
tained with a consistent linearization of all the contributions given by Eq. (15). Such linearization yields (Paggi, 2005)DdW ¼ oFN
ogN
DgN þ
oFN
ogT
DgT
 
dgN þ
oFT
ogT
DgN þ
oFT
ogT
DgT
 
dgT þ FNDdgN þ FTDdgT ð16Þwhere the symbols d and D denote, respectively, virtual variation and linearization. The geometrical parameters dgN, dgT
(with their symmetric ones DgN, DgT), DdgN and DdgT are easily determined based on the contact element geometry (Zava-
rise, 1991; Paggi, 2005). The partial derivatives of the normal and tangential forces with respect to both normal and tangen-
tial relative displacements depend on the cohesive law parameters. For the laws chosen in this study, it is (see also Fig. 2)oFN
ogN
¼
eNA for gN < 0
pNmax
gNmax
A for 0 6 gN < gNmax
 pNmaxgNugNmax A for gNmax 6 gN < gNu
8><
>: ð17Þ
oFT
ogT
¼
pTmax
gTmax
A for jgTj < gTmax
 pTmaxgTugTmax A for gTmax 6 jgTj < gTu
(
ð18Þ
oFN
ogT
¼ oFT
ogN
¼ 0 ð19Þwhere eN is the penalty parameter, and A is the contact area associated to each contact element.
The discretization is reﬁned appropriately to yield mesh-independent results. The model is implemented in the ﬁnite ele-
ment code FEAP.
4. Analytical and numerical results
4.1. Dimensional analysis and reference values of the parameters
By means of dimensional analysis, the steady-state peeling load can be expressed asFpeel
GIf
¼ f Et
GIf
;
L
t
;
GIIf
GIf
;
pN max
E
;
pT max
E
; h
 
ð20Þwhere L is the bond length, depicted in Fig. 1. The above expression neglects the effect of the shape of the cohesive laws,
which was shown to have a minor inﬂuence on predictions of cohesive zone models (Wei and Hutchinson, 1998), and is
herein kept constant.
5426 L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436The following reference values are adopted for the parameters involved in the problem: GIf = 0.1 N/mm, GIIf = 0.4 N/mm,
pNmax = 2 MPa, pTmax = 4 MPa, E = 250 GPa, t = 0.165 mm, L = 100 mm. These values are chosen as realistic values for FRP
sheets bonded to a concrete or masonry substrate, see e.g., Chen and Teng, 2001; CNR-DT 200/2004, 2004; Dai et al.,
2004. The above values yield Et/GIf = 4.13E05 and GIIf/GIf = 4.
The ultimate values of the normal and tangential relative displacements, gNu, gTu, follow from the above as 0.1 mm and
0.2 mm, respectively. The gNmax/gNu and gTmax/gTu ratios, giving the shape of the cohesive laws, are assumed equal to 0.1 in all
analyses. The peel angle varies between 0 and 10.0
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Fig. 3. Effect of the peel angle on the load–displacement behavior and steady-state peeling load. (a) Load vs. displacement curves. (b) Steady-state peeling
force vs. peel angle. (c) Steady-state peeling phase angle vs. peel angle.
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The load vs. displacement relationships given by the numerical model for different peel angles are shown in Fig. 3a. Both
load and displacement refer to the direction given by the peel angle. The curves present an ascending branch up to a peak
value of force, followed by a plateau representing the steady-state peeling phase. The corresponding force is the steady-state
peeling force, which can be signiﬁcantly larger than the force at the onset of interfacial failure (Cui et al., 2003). Numerical
analyses (not reported for brevity) have shown that the shape of the force–displacement curve in the ascending portion and
the presence itself of a peak before the steady-state peeling phase depend on the length of the unbonded portion of the
adherend, which is equal to zero in the present case. However, such length does not affect the steady-state peeling load.
The difference between peak and steady-state peeling loads, as evidenced in Fig. 3a, is more pronounced for larger peel
angles.
Fig. 3b shows that the dimensionless steady-state peeling load, Fpeel/GIf, decreases rapidly with the increase of the peel
angle. This trend is in qualitative agreement with previous investigations on bond of FRP sheets to concrete under inclined
loading (Dai et al., 2004; Yao et al., 2005; Pan and Leung, 2007). The ‘‘mode-I” and ‘‘mode-II” solid curves are obtained from
Eq. (12) by substituting Gf with GIf and with GIIf, respectively, whereas the dots are predictions of the numerical model. The
dashed curve represents predictions of the analytical model (Eq. 9), which are evidently in excellent agreement with numer-
ical results. Both analytical and numerical results show a gradual transition from the mode-II curve to the mode-I curve as-1.0
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5428 L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436the peel angle increases, in accordance with the variation of the mode mixity at interface failure. This can be analyzed in
Fig. 3c, which shows the phase angle as predicted by the analytical model (Eq. 13). This angle equals 90 (i.e., pure mode-
II conditions) for h = 0 and decreases rapidly with increasing peel angle, reaching a value of about 4 (close to pure
mode-I conditions) for h = 10.
The variation in mode mixity can be further appreciated by looking at the interfacial stress distributions in Figs. 4–6,
where x is the coordinate along the bond length (Fig. 1). By extending to the mixed-mode case the terminology adopted
by Yuan et al. (2004), the bonded joint is seen to move through three stages:
1. an elastic stage, where normal and tangential stresses are within the ﬁrst branch of the respective cohesive laws along the
entire bond length (Figs. 4a, 5a and 6a);
2. an elastic–softening stage, where part of the bond length is subjected to interfacial stresses within the second branch of the
cohesive law (Figs. 4b, 5b and 6b);
3. an elastic–softening–debonding stage, where a portion of the bond length closest to the loaded end has debonded (Figs. 4c,
5c and 6c).
Due to the existence of two cohesive laws for the normal and tangential directions, intermediate situations can occur,
where the interface is, e.g., at the elastic stage in the normal direction and already at the elastic–softening stage in the tan-pN/pNmax
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5430 L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436gential direction, and so forth, depending on the combination of the various parameters. However, the steady-state peeling
phase invariably corresponds to the elastic–softening–debonding stage in both normal and tangential directions. In this
phase, and in presence of a sufﬁciently long bond length, the interfacial stress proﬁles remain constant and translate from
the loaded end to the free end of the joint as more and more contact elements sequentially reach failure.
It is interesting to note the variation in mode mixity for the different values of the peel angle, as reﬂected by the
interfacial stress distributions. For h = 0 (Fig. 4) the interface is subjected to tangential stresses and no energy release
rate exists in mode-I. In this case the peeling load can be predicted by Eq. (12) with Gf = GIIf (Fig. 3b). For h = 10
(Fig. 6), although the interface is subjected to both normal and tangential stresses, the mode-I energy release rate
is largely dominant. Correspondingly, the peeling load can be predicted by Eq. (12) with Gf = GIf (Fig. 3b). For h = 2
(Fig. 5), mode-I and mode-II energy release rates have comparable magnitude. Failure of the element is attained when
they reach the boundary of the assumed domain (Eq. 3), as shown by the abrupt drop in interfacial stresses in Fig. 5c.
The ratio of GII to GI at failure in this particular case is equal to 2.28, hence w = 56.5 (vs. 55.6 predicted by the ana-
lytical model). Correspondingly, the numerical value of the peeling load is intermediate between the two solid curves
in Fig. 3b.
It is worth noting that the distribution of the normal stresses is more localized in the proximity of the loaded end than
that of the shear stresses. As the peel angle increases, normal stresses increase and shear stresses decrease, hence the inter-
facial stress distributions become increasingly localized in the vicinity of the loaded end. This applies to all the stages of load-
ing of the interface, thereby generalizing a conclusion drawn by previous researchers at the elastic stage.
4.3. Effect of the bond length
It is well known that, for brittle joints under mode-II loading, a value of bond length exists (termed ‘‘effective bond
length”) beyond which a further increase of bond length produces no increase in the debonding load.0
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L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436 5431Fig. 7 illustrates the steady-state peeling force evaluated numerically as a function of the bond length, L, for three differ-
ent peel angles. It is evident that the concept of effective bond length can be extended to mixed-mode conditions. Also, the
effective bond length is seen to decrease as the peel angle increases, in agreement with the test results by Dai et al. (2004).
This is easily explained considering that, as observed earlier, larger peel angles yield a more localized distribution of inter-0
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5432 L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436facial stresses. Hence a smaller bond length is needed to ‘‘accommodate” the interfacial stress proﬁle corresponding to the
exploitation of the interfacial fracture energies mobilized at steady-state peeling.
It is interesting to compare the effective bond length with the characteristic lengths of the problem in mode-I and mode-
II. The latter can be computed as follows (Hillerborg et al., 1976; Thouless and Parmigiani, 2007)lch;I ¼ EGIfp2N max
lch;II ¼ EGIIfp2T max
ð21ÞFor the reference values of the parameters adopted herein, the characteristic lengths are lch,I = lch,II = 6250 mm, hence they
are considerably larger than the dimensions involved in the problem, i.e., adherend thickness and joint length. This does not
prevent the numerical results from being in excellent agreement with predictions of LEFM, as observed in the previous sec-
tion. Instead, predictions of LEFM continue to be valid, provided that the bond length of the joint is larger than the effective
bond length. Hence, the effective bond length plays in this case the role of the characteristic length. Later in the paper, it will
be shown that a variation of the mode-II characteristic length is generally associated to a corresponding variation of the
effective bond length. This does not generally apply to the mode-I characteristic length, as the effective bond length is mostly
inﬂuenced by the distribution of shear stresses, while normal stresses are very localized in proximity of the loaded end.
4.4. Effect of Et/GIf
For the reference values of the parameters, the Et/GIf ratio equals 4.13E05. The effect of this variable is analyzed by mod-
ifying its value to 1.03E05 (four times smaller) and 1.65E06 (four times larger), while keeping the other dimensionless vari-
ables constant. Note that as GIIf/GIf is constant, Et/GIf and Et/GIIf vary with the same proportion. Fig. 8 shows that the trend of
the steady-state peeling load vs. the peel angle remains similar, and once again there is excellent agreement between ana-
lytical and numerical predictions. As the Et/GIf ratio increases, the curve corresponding to the pure mode-I behavior is ap-
proached faster. This is clearly shown by Fig. 9, in which the phase angle is seen to decrease at a signiﬁcantly faster rate
when the Et/GIf ratio increases.0
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L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436 5433Note that the numerical steady-state peeling loads reported in Fig. 8 have all been obtained for lengths of the bonded joint
larger than the effective bond lengths at the respective peel angles. Once again, provided that this condition is satisﬁed, LEFM
predictions continue to hold.
The effective bond length varies with the Et/GIf ratio as illustrated in Fig. 10. It is evident that, as this ratio increases, the
effective bond length decreases. This effect can be easily explained as follows: increasing Et/GIf corresponds to increasing the
axial stiffness of the adherend or, equivalently, to decreasing the fracture energy. For given cohesive strengths pNmax and
pTmax, this implies increasing the stiffness of the interface in both mode-I and mode-II. An increase in interface stiffness
yields a more localized distribution of cohesive stresses and hence also a smaller effective bond length. The decrease of
the effective bond length is particularly pronounced for small peel angles, where the effective bond length is larger, due
to the predominant inﬂuence of the shear stresses.0
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5434 L. De Lorenzis, G. Zavarise / International Journal of Solids and Structures 45 (2008) 5419–5436The characteristic lengths vary linearly with the Et/GIf ratio, hence they are equal to 1562.5 mm for an Et/GIf ratio of
1.03E05, and to 25,000 mm for an Et/GIf ratio of 1.65E06. The results above show that the variation of the effective bond
length follows the trend of the variation of the characteristic lengths. In this case, both lch,I and lch,II are varied at the same
time and hence it is not possible to correlate the effective bond length to one characteristic length in particular.
4.5. Effect of pTmax/E and pNmax/E
The reference values of the mode-I and mode-II cohesive strengths are pNmax = 2 MPa and pTmax = 4 MPa, respectively. The
effect of the pTmax/E and pNmax/E ratios is analyzed by modifying pTmax to 1 MPa (four times smaller) and 16 MPa (four times
larger), and by modifying pNmax to 0.5 MPa (four times smaller) and 8 MPa (four times larger), while keeping the other
dimensionless variables constant. Fig. 11a and b shows that the steady-state peeling load is weakly inﬂuenced by the cohe-
sive strengths. An increase of the mode-II cohesive strength produces a faster approach of the numerical points to the curve
associated to mode-I conditions, whereas the opposite effect is determined by an increase of the mode-I cohesive strength.
Conversely, the effect of a variation in the cohesive strengths on the effective bond length may be signiﬁcant (Fig. 12).
Decreasing pTmax/E corresponds, for given values of the remaining variables, to increasing the ultimate tangential gap at
the interface, which in turn implies an increase of the tangential gap at peak shear stress. As a result, the slope of both
the ascending and softening branches of the mode-II cohesive law decrease (in absolute value). As the interface becomes
more deformable compared to the adherend, the effect is similar to increasing the axial stiffness of the adherend. Hence
the effects on the interfacial stress distributions are qualitatively similar to those obtained increasing Et/GIf. However, in this
case these effects are limited to the mode-II response, i.e., to the shear stress distribution. Since the shear stresses involve a
larger portion of the joint length compared with normal stresses, they control the effective bond length of the joint. As a
result, the effective bond length increases when pTmax/E decreases, as shown in Fig. 12a, c and e. The effect is more pro-
nounced for small peel angles, for which mode-II is prevalent. Note that, as pTmax/E decreases four times, the mode-II char-
acteristic length lch,II increases 16 times while the mode-I characteristic length remains unchanged. Hence, the variation of
the effective bond length is seen to follow the trend of the variation of the mode-II characteristic length.
Decreasing pNmax/E corresponds, for given values of the remaining variables, to increasing the ultimate normal gap at the
interface, which in turn implies an increase of the normal gap at peak normal stress. As a result, the slope of both the ascend-
ing and softening branches of the mode-I cohesive law decrease (in absolute value). Once again, the effects on the interfacial
stress distributions are qualitatively similar to those obtained increasing Et/GIf. However, in this case these effects are limited
to the mode-I response, i.e., to the normal stress distribution. Since the normal stresses involve a shorter portion of the joint
length compared with the shear stresses, they have almost no inﬂuence on the effective bond length of the joint. As a result,
the effective bond length is practically unaffected, as shown in Fig. 12b, d and f. A small increase of the effective bond length
is observed only for the largest of the peel angles analyzed, for which mode-I is prevalent. Note that, as pNmax/E decreases
four times, the mode-I characteristic length lch,I increases 16 times while the mode-II characteristic length remains un-
changed. This case shows as there is a weak or no relationship between the variation of the mode-I characteristic length
and the variation of the effective bond length, as the latter is mainly controlled by the shear stress distribution. Obviously,
as the peel angle increases, the situation will tend to change. As pure mode-I conditions are approached, the effective bond
length will be related to lch,I more than to lch,II.
4.6. Effect of GIIf/GIf
Fig. 13 shows the variation of Fpeel/GIf with the peel angle for GIIf/GIf = 1.0 and GIIf/GIf = 8.0, as opposed to the value of GIIf/
GIf = 4.0, valid for Fig. 3. The remaining dimensionless variables are kept constant. For GIIf/GIf = 1.0, the fracture energy is0
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again both analytical and numerical results show a gradual transition from the mode-II curve to the mode-I curve as the peel
angle increases. Obviously, as GIIf/GIf increases, the distance between the two solid curves increases, and hence a more
marked variation of the peeling force with the peel angle is observed in the range of peel angles where the transition occurs
from mode-II to mode-I dominance.
In Fig. 14, the phase angle is plotted as a function of the peel angle for the three values of the GIIf/GIf ratio considered
above. The effect of this ratio on the curve is not very pronounced, and is more appreciable for very small peel angles.
5. Conclusions
This paper has focused on modeling of the interface between a rigid substrate and a thin elastic adherend subjected to
inclined loading in the peel test conﬁguration. The main objective was to compute the debonding load of the adherend
and its effective bond length as functions of the peel angle, in order to evaluate the effect of the mode mixity on the mac-
roscopic interfacial strength. This is an important issue in the case of a thin FRP reinforcement bonded to a quasi-brittle sub-
strate. The problem was approached both analytically and numerically. The analytical approach was based on LEFM. In the
numerical model, the interface was modeled by zero-thickness contact elements, using the node-to-segment strategy and
describing decohesion and contact within a uniﬁed framework. The uncoupled cohesive zone modeling approach was
adopted, allowing for different fracture energies in mode-I and mode-II.
Despite its simplicity, the numerical model appears capable of interpreting various aspects of the physical behavior effec-
tively, namely: the distribution of interfacial stresses and energy release rates along the bond length, and the variation with
the peel angle of the debonding load, of the degree of mode mixity and of the effective bond length. Also, an excellent agree-
ment is found between numerical predictions based on the cohesive-zone modeling approach, and analytical predictions
based on LEFM. Results of this study show that, in order for LEFM predictions to be valid, the mode-I and mode-II charac-
teristic lengths (deﬁned according to the usual expressions used in fracture mechanics literature) do not need to be shorter
than the length of the joint. Instead, the length of the joint has to be larger than its effective bond length. In other words,
LEFM has in this case a much larger range of validity than it would be expected based on the characteristic length criterion,
and an analogous criterion based on the effective bond length can be introduced instead. The effective bond length is mostly
inﬂuenced by the distribution of the interfacial shear stresses, as normal stresses are more localized in the vicinity of the
loaded end of the joint.
In the study the dimensionless variables affecting the response of the joint have been identiﬁed, and their effects on the
steady-state peeling load and effective bond length have been analyzed by means of both the analytical and numerical mod-
els. Developments will involve the comparison with test results, the use of other cohesive zone modeling approaches, the
consideration of competition between interfacial fracture and crack kinking within the substrate, and the extension to
the study of interfacial bond of thin elastic adherends to curved substrates.
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